In this paper we present the notion of the space of bounded p(⋅)-variation in the sense of Wiener-Korenblum with variable exponent. We prove some properties of this space and we show that the composition operator H, associated with h → :  , maps the 
Introduction
A number of generalizations and extensions of variation of a function have been given in many directions since Camile Jordan in 1881 gave a first notion of bounded variation in the paper [1] devoted to the convergence of Fourier series. Consequently, the study of notions of generalized bounded variation forms an important direction in the field of mathematical analysis. Two well-known generalizations are the functions of bounded p-variation and the functions of bounded ϕ-variation, due to N. Wiener [2] and L. C. Young [3] respectively. In 1924 N.
Wiener [2] generalized the Jordan notion and introduced the notion of p-variation (variation in the sense of Wiener) . Later, in 1937, L. Young [3] introduced the notion of ϕ-variation of a function. The p-variation of a function f is the supremum of the sums of the pth powers of absolute increments of f over no overlapping inter-vals. Wiener mainly focused on the case 2 p = , the 2-variation. For p-variations with 2 p ≠ , the first major work was done by Young [3] , partly with Love [4] . After a long hiatus following Young's work, p th -variations were reconsidered in a probabilistic context by R. Dudley [5] [6] , in 1994 and 1997, respectively. Many basic properties of the variation in the sense of Wiener and a number of important applications of the concept can be found in [7] [8] . Also, the paper by V. V. Chistyakov and O. E. Galkin [9] , in 1998, is very important in the context of p-variation. They study properties of maps of bounded p-variation ( )
in the sense of Wiener, which are defined on a subset of the real line and take values in metric or normed spaces.
In 1997 while studying Poisson integral representations of certain class of harmonic functions in the unit disc of the complex plan B. Korenblum [10] introduced the notion of bounded κ-variation and proved that a function f is of bounded κ-variation if ot can be written as the difference of two κ-decreasing functions. This concept differs from others due to the fact that it introduces a distortion function κ that measures intervals in the domain of the function and not in the range. In 1986, S. Ki Kim and J. Kim [11] , gave the notion of the space of functions of κφ-bounded variation on [ ] Yoon [14] showed the existence of the Riemann-Stieltjes integral of functions of bounded κ-variation and in 2011 W. Aziz, J. Guerrero, J. L. Sánchez and M. Sanoja, in [15] , showed that the space of bounded κ-variation 
Preliminaries
We use throughout this paper the following notation: we will denote by , t s . The class of bounded variation functions exhibit many interesting properties that it makes them a suitable class of functions in a variety of contexts with wide applications in pure and applied mathematics (see [8] and [30] ). Since C. Jordan in 1881 (see [1] ) gave the complete characterization of functions of bounded variation as a difference of two increasing functions, the notion of bounded variation functions has been generalized in different ways. :
; , : sup ,
where the supremum is taken over all partitions π of the interval [ ] ; , : sup B. Korenblum (see [10] ), introduced the definition of bounded κ-variation as follows. 
2) If ( )
In , , : sup . x −  subject to the conditions that for each i, 
Example 2.9.
Properties of the Space
a b . Then, by the κ subadditivity, we have:
Then considering the supremum of the left side we get
therefore, 
for all j t , and we obtain ( )( ) ( )( ) 
On the other hand, since p(⋅) is bounded, there exists 
, f a b →  be a function that belongs to
where , α ∈  . Then, we have that: 
Then by convexity of
.
and so
Conversely, suppose that : a t t x t b π = < = < = we get ε > , we have that
; , 1, We will show that n f converge on the norm 
On the other hand, if a partition
( ) j j t ϕ τ = and again by the monotonicity of ϕ : 
On the other hand, for any number
there is a partition
≤ .  In the next section we will be dealing with the composition operator (Nemitskij). 
Composition Operator between the Space
(see [8] ). Now, we define the composition operator. Given a function : h →   , the composition operator H, associated to a function f (autonomous case) maps each function 
, , .
Hf t h f t t a b
More generally, given
Hf t h t f t t a b
This operator is also called superposition operator or susbtitution operator or Nemytskij operator. In what follows, will refer (9) as the autonomus case and to (10) as the non-autonomus case.
In order to obtain the main result of this section, we will use a function of the zig-zag type such as the employed by J. Appell et al. [8] ( )
for :
, for any partition 
Since h is not locally Lipschitz in  there is a closed interval I such that h does not satisfy any Lipschitz condition. In order to simplify the proof we can assume that
In this way for any increasing sequence of positive real numbers { } 1 n n k ≥ that converge to infinite, that we will define later, we can choose sequences
In addition choose ,
n n a b n < ∈
Considering subsequence if it necessary, we can assume without loss of generality that the sequence { } 1 n n a ≥ is monotone increasing.
Since [ ] 0,1 is compact, from inequality (13) we have that exist subsequences of { } 1 n n a ≥ and { } 1 n n b ≥ that we will denote in the same way, and that converge to
Since the sequence { } 1 n n a ≥ is a Cauchy sequence we can assume (taking subsequence if it is necessary) that
Again considering subsequences if needed and using the properties of the function κ we can assume that
n n m n n b a a a n m n k
Consider the new sequence { } 1 n n m ≥ defined by
, .
From of inequalities (12) and (13) n n n n n n n t t t a a m b a n
This sequence is strictly increasing and from the relations (14) and (15), we get
, is sufficient to suppose that
We define the continuous zig-zag function
affine, othercase. 
n i n i n i n n n m n m n n I t t i m I t t 
In all these situations the slopes of these segments of lines is 1. Hence, we have for n ∈  , the absolute value of the slope of the line segments in these ranges are bounded by 1, as shown below , which is a contradiction. 
Uniformly Continuous Composition Operator
In a seminal article of 1982, J. Matkowski [39] showed that if the composition operator H, associated with the function 
